In R. R. Cuzinatto, et.al, Phys. Rev. D 93, 124034 (2016) , it has been demonstrated that theories of gravity in which the Lagrangian includes terms depending on the scalar curvature R and its derivatives up to order n , i.e. f (R, ∇µR, ∇µ 1 ∇µ 2 R, ..., ∇µ 1 ...∇µ n R) theories of gravity, are equivalent to scalar-multi-tensorial theories in Jordan frame. In particular, in the metric and Palatini formalisms, this scalar-multi-tensorial equivalent scenario shows an structure that resembles that of Brans-Dicke theories with a kinetic term for the scalar field with ω0 = 0 or ω0 = −3/2, respectively. In the present work, the aforementioned analyzis is extended to Einstein frame. The conformal transformation of the metric characterizing the transformation from Jordan's to Einstein frame is responsible for decoupling the scalar field from the scalar curvature and also for introducing a usual kinetic term for the scalar field in the metric formalism, while in the Palatini approach, this kinetic term is absent in the action. Concerning the other tensorial auxiliary fields, they appear in the theory through a generalized potential. As an example, the analyzis of an extension of Starobinsky model (with a extra term proportional to ∇µR∇ µ R) is performed and the fluid representation for the energy-momentum tensor is considered. In the metric formalism, the presence of the extra term causes the fluid to be an imperfect fluid with a heat flux contribution; on the other hand, in the Palatini formalism the effective energy-momentum tensor for the extended Starobinsky gravity is that of a perfect fluid type.
I. INTRODUCTION
The current precision-data era of observational cosmology [1] [2] [3] poses challenges for the standard model of particle physics and general relativity (GR) alike. In fact, the particle physics community work intensely to accommodate dark matter within the theoretical framework -proposals include axion-like particles [4] [5] [6] [7] [8] , WIMPs [9] , superfluid DM [10, 11] -and experimental facilities strive to detect the dark matter particle [12, 13] . Dark energy hints that general relativity may not be the final theory of the gravitational interaction -although it is possible to explain it via a cosmological constant [14] or exotic matter components. The last solution is the so called modified matter approach [15] whose particular models are: quintessence [16] [17] [18] , k-essence [19, 20] , unified models of dark matter and dark energy [21] [22] [23] [24] [25] [26] . Dark energy could also be explained by the modified gravity approach: extensions to GR that work on the geometrical side of the field equation. Probably, the most explored framework in this branch is the f (R) theories [27] [28] [29] [30] but several other types have been explored [31] [32] [33] [34] [35] [36] [37] . String-inspired theories [38] [39] [40] and gaugeinvariant gravity theories [41] suggest that a possible suitable modification is to consider higher-order derivatives of the curvature-related objects (R, R µν , R level [61] [62] [63] , at least for f (R) theories.
Higher-order f (R, ∇ µ1 R, ∇ µ1 ∇ µ2 R, ..., ∇ µ1 ...∇ µn R) theories of gravity are known to be scalar-multi-tensorial equivalent [60] . The equivalence was shown both in the metric formalism and in the Palatini formalism in Jordan frame. In the metric formalism, the scalar-multi-tensor action derived from f (R, ∇R, ..., ∇ n R) are shown to be analogous to the Brans-Dicke class of models with parameter ω 0 = 0 and a potential U ; the theory differs from ordinary BransDicke in the sense that the degrees of freedom additional to the scalar one appear within the definition of U -these additional components are tensorial in character and motivate the name "scalar-multi-tensorial equivalent". In the Palatini formalism, this equivalence resembles a Brans-Dicke theory with ω 0 = −3/2 again with a potential. In both formalisms, the equivalence was established in the Jordan frame, where the scalar mode couples with Ricci scalar in the action. This action is said to be in the Einstein frame when a Ricci scalar is not accompanied by any field (scalar or otherwise) and the extra fields appear in the potential or even explicitly in the action integral (but not couple with curvature-related objects). A considerable advantage of Einstein frame is that the theory is rewritten as GR plus extra fields minimally coupled with gravity. Einstein frame is derived from Jordan frame through a conformal transformation of the metric tensor and convenient field redefinitions of the scalar field and tensor fields eventually present in the action. The passage from Jordan to Einstein frame is a step that is missing in the work [60] .
1 This paper's main goal is to fill in this gap and advance the study of higher-order f (R, ∇ µ1 R, ..., ∇ µ1 ...∇ µn R) gravity.
The Jordan-to-Einstein frame transformation is performed here at the level of the action. Section II deals with the construction of the scalar-multi-tensorial equivalent of f (R, ∇R, ..., ∇ n R) in the Einstein frame in both metric and Palatini formalisms. Starobinsky-Podolsky theory [60] is taken as a paradigm of non-singular f (R, ∇R) gravity in Section III; the general technique developed in Section II is applied to this case and gives rise to a natural definition of an effective energy-momentum tensorT 
II. HIGHER ORDER GRAVITY IN EINSTEIN FRAME
We start with a generic higher order gravity theory of the form:
This is called the geometric frame for the action integral. In [60] we have shown it can be written in the Jordan frame:
where ψ are the matter fields. The value of the parameter ω 0 distinguishes the formalism used to describe the theory: ω 0 = 0 is used for the metric formalism and ω 0 = − 3 2 is a feature of the Palatini one. In the latter, the action S ′ is required to depend only on the Levi-Civita connection. Both in Palatini and metric frames, the use of auxiliary fields is required. These auxiliary fields -appearing in Eq. (2) -are defined as:
and
We indicate Ref. [60] for further details.
In this paper, we proceed by introducing the conformal transformation for the metric tensor
depending on the scalar field Φ given in Eq. (3). Notice that it depends on the contraction of the scalar and multi-tensor fields in Eq. (4). Under Eq. (6), the Ricci scalar can be written as [67] R ≡g
or
This is the general form of the action in the Einstein frame. Next we obtain the field equations both in the metric and Palatini formalisms.
A. Metric formalism
Here, we will proceed by taking ω 0 = − 3 2 which includes the case ω 0 = 0. We start by redefining the scalar field Φ:
The conformal transformation for the metric (6) implies
with the object Υ α ρµ defined as
andΓ α µρ is the Levi-Civita connection for the metricg µν . Henceforth, we will denote the operator∇ as the covariant derivative w.r.t. the connectionΓ and
αβ . With this, it is easy to show the following useful formulas:
The action S ′′ , modulo surface terms, then reads:
where the conformal potential is
is the matter-field Lagrangian under the metric conformal transformation. Eq. (15) is the action integral in the Einstein frame for the metric formalism. The corresponding field equations are derived next.
Field equations in the metric formalism
Functional variations of the action S ′′ in Eq. (15) with respect to the fields give the equations of motion (EOM) for the higher order gravity in Einstein frame. In the metric approach, these fields are the conformal metricg µν , the scalar fieldΦ, the multi-tensor fields {φ µ1 , φ µ1µ2 , ..., φ µ1...µn } and the matter field ψ. Performing the variations in this sequence lead to the EOM Eq. (18), Eq. (22), Eq. (24) and Eq. (25) below. In fact, the gravitational field equation is:
where
is the ordinary energy-momentum tensor for the matter field and
is the effective energy-momentum tensor for the auxiliary fields in the metric formalism. Definition Eq. (20) contains the object:
Moreover, the EOM for the scalar fieldΦ is:˜
where˜ =∇ ρ∇ ρ , under the definition:
Variations w.r.t. the multiple tensorial fields {φ µ1 , φ µ1µ2 , ..., φ µ1...µn } lead to the set of equations:
Finally, the EOM for the mater field ψ reads simply:
We end this section by emphasizing thatŨ depends on higher-order derivatives of the fieldsΦ and φ ν1...νn (for n ≥ 2), cf. Eq. (16). These higher-order terms give rise to additional kinetic terms in the scalar-tensor theory.
B. Palatini formalism
Palatini formalism is characterized by metric tensor and connection being varied independently. This demands a different notation from the previous metric formalism. Accordingly, we adopt:
If GR is required to be a limit case, then the covariant derivative ∇ ρ should be given in terms of the Christoffel symbols
. On the other hand, the covariant derivative constructed from Γ is denoted by∇ ρ . The action must contain covariant derivatives built only with τ ρσ ; this is related to the way matter respond to gravity, i.e. ∇ µ T µν = 0 (but∇ µ T µν = 0) [28] -see also [68] . The metric conformal to g µν defined as
involves the general derivative
The metric h µν satisfies
so the metricity condition holds,∇
and a relation between Γ β µν and β µν is achieved:
In the face of that, R µν is written in terms of Ricci tensor R µν (and derivatives of f ′ ) as:
For the scalar curvature:
In the Palatini approach, Eq. (1) is more clearly written in the form
Under the definitions Eq. (3), Eq. (4) and Eq. (5), the Jordan frame arises:
The use of Eq. (34) then leads to
which is precisely Eq. (2) with ω 0 = − 3 2 . This justifies our statement below that equation. Therefore, the conformal transformation g µν →g µν as in Eq. (6) set the action integral in the Einstein frame:
This is Eq. (9) with ω 0 = − 3 2 and the further definitions:
with the "conformal" covariant derivative∇ µ built from
Compare Eq. (38) and Eq. (39) to Eq. (16) and Eq. (17) -notice that it is not necessary to introduce the auxiliary fieldΦ, as in Eq. (10), since there is no kinetic term in S ′′ this time.
Field equations in the Palatini formalism
In accordance with the previous paragraph, the action S ′′ in Eq. (37) does not depend explicitly on the general connection Γ. Therefore, the field equations can be obtained taking variations with respect to the fieldsg µν , Φ, φ µ and so on. The equation of motion (EOM) for the gravitational field is formally the same as Eq. (18) in the metric approach with the usual energy-momentum tensor identical to Eq. (19), but with an effective energy-momentum tensor
which differs from Eq. (20) . The second term in the r.h.s. of Eq. (42) is given by Eq. (21). It is interesting to note that the potentialŨ gives rise to an effective energy-momentum tensor similar in structure to the matter one up to a global sign. Varying Eq. (37) w.r.t. Φ leads to:
where δŨ δΦ is completely analogous to Eq. (23) albeit Φ is used in place ofΦ. When we confront Eq. (43) with Eq. (22), we notice that a term of the type˜ Φ is absent in the former, whereas it is present in the last.
The EOM for the multiple tensorial fields {φ µ1 , φ µ1µ2 , ..., φ µ1...µn } and the matter field are identical in form to Eq. (24) and Eq. (25) .
The next section deals with a case study: a particular Lagrangian of the type f (R, ∇R) scaling with the EinsteinHilbert term, the Starobinsky contribution R 2 and a derivative term of the kind ∇ µ R∇ µ R. We call this example the Starobinsky-Podolsky gravity.
III. APPLICATION: THE STAROBINSKY-PODOLSKY LAGRANGIAN
The original Starobinsky-Podolsky action is
which in Jordan frame reads
as showed in details by Ref. [60] . Rigorously, Eq. (44) and Eq. (45) are notationally compatible with the metric formalism. For the Palatini formalism, the mapping R → R is required as explained in the beginning of Sect. II B. Due to this difference, we split the analyzis in the two cases discussed in Sect. III A and III B.
A. Metric formalism
Eq. (45) can be transformed using the definition Eq. (6) of the conformal metricg µν and Eq. (10) which introduced the fieldΦ. The Einstein-frame version for Starobinsky-Podolsky action then follows:
It is worth mentioning Eq. (46) reproduces the conventional Starobinsky Lagrangian [69] with the potential
by assuming φ µ = 0 in Eq. (47) . The field equations for Φ and φ µ are:
where˜ =∇ ρ∇ ρ and
From Eq. (49) and Eq. (50) we conclude that bothΦ and φ µ are dynamical fields in the sense of their Cauchy data. In particular, due to the quadratic coupling φ ρ ∂ ρΦ 2 the second-order time derivative ofΦ is present in both equations.
With regard to the second-order derivative of φ µ , only the φ 0 component is derived twice with respect to time -this happens for the choice σ = 0 in Eq. (50) . Therefore, only φ 0 is dynamical, while the equations for σ = i establish constraints for the components φ i . Predictably, the gravitational EOM for Starobinsky-Podolsky Lagrangian in the metric approach is:
whereT (eff)
The effective energy-momentum tensor (52) bears an ordinary kinetic term for the scalar field plus terms coming from the generalized potentialŨ which contains couplings between the scalar and vector fields up to first order derivatives.
B. Palatini formalism
In accordance with Eq. (37), Starobinsky-Podolsky action in the Einstein frame and Palatini approach is:
The potentialŨ in this equation assumes the form:
which is identical to the effective potential energy Eq. (47) appearing in the metric formalism if one changes Φ = eΦ 3 The ordinary Tµν as given in Eq. (19) is not present in Eq. (51) because we are not taking matter field in the analyzis of StarobinskyPodolsky action. This could be simply added to the theory afterwards.
The EOM for Φ and φ µ are:
Even though the action Eq. (54) does not contain a canonical kinetic term for Φ, the field equation Eq. (57) contains the second time derivative of Φ due to the presence of the derivative coupling
This does not mean, however, Φ is a dynamical object. As one can see in Eq. (56), there is no second time derivative of any quantity -it is a constraint equation. If an auxiliary vector field V ρ is introduced,
it is straightforward to show that:∇
Eq. (56) and Eq. (57) can be re-expressed as
respectively. Eq. (60) The gravitational field equation assumes, once more, the expected form of Eq. (51) but now,
with the second term calculated from Eq. (55) as:
Now we turn to the study of the fluid representation forT 
where p is the pressure; ρ is the energy density; u µ is the four-velocity associated to a fluid element; q µ denotes the heat flux and π µν stands for the viscous shear tensor. These various quantities in Eq. (64) satisfy the following properties:
which determines the available degrees of freedom: two of them are related to ε and p, three independent components in T µν come from q µ and five from π µν . The metric determines the background and the 4-velocity fixes the reference system.
In this section we shall encounter the form assumed by the energy-momentum tensorT
for the StarobinskyPodolsky action. We begin by doing so in the metric formalism.
1.T (eff) µν in metric formalism
In the metric formalism, Starobinsky-Podolsky energy-momentum tensor is shown to be of an imperfect fluid type with π µν = 0. This means there are up to five independent components in T (eff) µν , namely one component related to Φ and four of them associated to φ µ . In order to see that, we define the 4-velocity as a linear combination of the gradient of the scalar field and the vectorial field:
where χ is a quantity to be determined; N is a normalization factor. The next step is to decompose φ µ as:
which exhibits a component that is parallel to u µ and a component orthogonal to it. This means that the second term in Eq. (67) is parallel to the heat flux q µ -see the first identity in Eq. (65) . Therefore,
We shall set
The relations Eq. (66), Eq. (68) and Eq. (74) can be substituted into Eq. (64). The resulting expression is then compared to Eq. (52), leading to the identifications:
with Eq. (69) and Eq. (70) completely specifying the four-velocity Eq. (66) and the heat flux Eq. (68) . Incidentally, the parameter λ in Eq. (67) is also found:
Additionally, it becomes clear that there is no room for the viscous shear tensor, i.e.
The potentialŨ shown up in the expression for p is given by Eq. (47) . By inserting Eq. (72) 
Direct comparison with Eq. (64) sets it as perfect fluid T µν with
This comparison also yields
Hence, Starobinsky-PodolskyT decomposition. In particular, the φ 0 component is the only one to produce a relevant contribution to the direction of temporal evolution of the system under the choice of a co-moving frame u µ = (1, 0, 0, 0). Eq. (78) brings forth the possibility of violation of the null energy condition [67] associated to what is known in cosmology as the phantom regime, i.e. p < −ε. For Φ > 0, the phantom regime takes place whenever the condition c 1 > 0 is satisfied. On the other hand, this same condition leads to the presence of ghosts 4 in the StarobinskyPodolsky action [71] . This demonstrates (at least in this particular case) the direct relationship between ghosts and a phantom-like behavior.
IV. FINAL REMARKS
This paper was dedicated to construct the scalar multi-tensorial equivalent of higher order f (R, ∇R, ...) theories of gravity in the Einstein frame. The work was performed in the metric and Palatini formalisms being pointed out its differences and similarities. The main difference between these formulations is that in the metric approach there is a clear kinetic structure for the scalar fieldΦ whereas in the Palatini approach this structure is absent. This is explicitly verified in the differences between the effective energy-momentum tensors and between the scalar field equations of both approaches. In addition, we also thoroughly studied the particular case of Starobinsky-Podolsky model in Einstein frame and characterized its effective energy-momentum tensor in terms of a fluid description, where a shearless imperfect fluid is obtained in the metric approach, while a perfect fluid is obtained in Palatini formalism. This completes the development started in Ref. [60] .
An important point to be emphasized is that although the higher order f (R, ∇R, ...) theories have an apparently similar form to the f (R) theories in Einstein frame, they differ substantially due the structure of the potentialŨ . While in f (R) theories the potentialŨ depends only on the scalar field, in higher-order models,Ũ has a much more complex structure depending on the extra fields {Φ, φ µ , ..., φ µ1...µn } and its covariant derivatives. However, even taking into account the complexity of the potentialŨ , the f (R, ∇R, ...)-like theories are simplified considerably when rewritten in Einstein frame. This is particularly true in the situation where the higher order terms are small corrections to the Einstein-Hilbert (or Starobinsky) action and in this case the potentialŨ can be treated in a perturbative way.
There are several cases where it is convenient to describe the f (R, ∇R, ...) theories in Einstein frame. In particular, an important case to be analyzed is the study and description of ghosts. Following an approach analogous to that in Ref. [71] , one can study in which higher order theories and under which conditions the pathologies involving ghosts are avoided. Another interesting case takes place in inflationary cosmology. Usually inflationary models based on modified gravity are more easily described in Einstein frame. For example, Starobinsky's inflation [69] is widely studied through its scalar-tensorial version, and generalizations of it can be constructed through the scalar multi-tensorial equivalence of f (R, ∇R, ...) theories. A work involving Starobinsky-Podolsky gravity in the inflationary context is currently under development [72] .
